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Abstract 

The velocity of a moving particle is treated in a different way. Accordingly a new form 
for Einstein's addition law of velocities is given. Lorentz transformations are found from 
this aspect. The possibility of another way of recognition of the correlation between 
mass and energy is explained. 

I. Introduction 

In mode rn  views on space, t ime and mo t ion  the veloci ty  o f  light is no t  
affected by  the m o t i o n  o f  its source. This means that  i f  we add any o ther  
veloci ty  to the veloci ty  o f  light we again get the same original veloci ty  o f  
light. To make  sure o f  this fact  Einstein has given the law o f  addi t ion o f  two  
velocities,  u and v, as 

u + v  
(1.1) 

b/v 
1 +6, 2 

where c is the veloci ty  o f  light. I f  we add two velocities,  no mat te r  how close 
they  are to the veloci ty  o f  light, the  resulting veloci ty will never exceed c. 
For  examl~le let us pu t  u = .7c, v = .5e. 

Then  the  resulting veloci ty 
-7c + -5c 

( ' 7c ) ( '5c )  
1 + - -  

c2 

1 "2c 

1"35 
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- c < c  
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Even if we take both u, v > c, then the resulting velocity will be less than c. 
For example, let us take u = 3c, v = 5c, then the resulting velocity will be 
equal to  

3c + 5c 8 
= - - c < c  

(3c)(Sc) 16 
1+ ¢2 

We can also see that  the addit ion o f  c with any other velocity will give only c. 
Let us take u = c and tet v have any value. The resulting velocity will be equal 
to 

c + v  c + v  
~ = ¢  =C 

cv  c + v  
1 - -  

-k C2 

Now let us give another law for the addit ion of  two velocities as 

uv  + c 2 (1.2) 
t t+v 

If  we add any two velocities, no matter  how close they are to the velocity 
of  light, the resulting velocity will never be less than c. For example, let us 
take u = .7c, v = -5c, the resulting velocity will then be 

(.7c)(.5c) + c 2 

(.7c + -5c) 

1"35 

1-2 

135 

:l 0c>c 
On the other hand, let us take u, v > c as u = 3c,  v = 5c, the resulting velocity 
will be 

(3c)(5c) + c 2 

3c + 5c 

16c 2 16 
- - c > c  

8c  8 

We shall also show that  the addit ion of  c with any other velocity will give only 
c. For  example let  us take u = c and let v have any value. The resulting velocity 
will be equal to 

c(~) + c ~ c(~ * c) 

c + ~  ( c + v )  
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Thus we see that the addition laws (1.1) and (1.2) have parallel equivalences. 
The existence of law (1.2) leads us to define the velocity of a moving particle 
in a different manner. 

2. Another Definition for the Velocity o f a Particle 

Let us consider a particle which has changed its position fromA to B. Now 
the particle is associated with a velocity which is just a rate. Usually we express 
the velocity as the rate of  displacement with time. It is also possible to 
express the velocity as the rate of change of time with respect to space. For 
example if a particle describes 5 cm in space and if it takes 10 sec for this 
description, we say that the velocity of the particle is 1~ cm/sec. In a similar 
way we can define the velocity as ~ sec/cm. The time taken by the particle 
in 1 cm is considered as the velocity of the particle. To allow this velocity 
we have to make time play the role of space and space play the role of time. 
For clarity let us denote the velocity ~o cm/sec as the first kind of velocity 
and ~ sec/cm as the second kind of velocity. 

Now let us turn our attention to the velocity of  light. We usually express 
velocity of tight as 3 x 101° cm/sec. This can as well be expressed as 1/(3 x 101°) 
sec/cm. That is, the light takes time 1/(3 x 101°) sec in moving through 1 cm. 

10 3 x 10 cm/sec is the first kind of velocity of  light and 1/(3 x 101°) sec/cm 
is the second kind of  velocity of  light. In the special theory of relativity we 
are considering the first type of velocities. Here we note: 

The velocity of light is independent of the velocity of its source. 
The addition of two velocities will never exceed the velocity of  light. 
The distance travelled in 1 sec by light is greater, than the distance 

travelled by any moving particle in 1 sec. Correspondingly Einstein's 
addition law of velocities takes the form. 

U + V  

U/) l+j 

Let us consider the second type of velocities. Even then the velocity of 
light must be independent of  the velocity of its source. But the addition o f  
two velocities will never be less than the velocity of light. Also the time taken 
by light to travel a distance of 1 cm is less than the time taken by any moving 
particle to travel a distance of 1 cm. 

Correspondingly the law of addition of velocities may be taken as (uv + c2)/ 
(u + v), where u, v, e are the second type velocities. We shall derive this law in 
Section 4. 

3. Lorentz Transformations 

Let us consider the velocities of the second type and obtain the corresponding 
Lorentz transformations. It must be carefully noted that the distance between 
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two positions of  a moving particle will be in time. It must be expressed in time 
units. For example let a particle move with velocity 10 sec/cm. Let us con- 
sider two positions, A and B, of the particle. Suppose the distance A B  = 2 cm. 
Hereafter we must consider this 2 cm as the space interval between A and B 
and the distahce A B  described by the particle may be taken as 20 sec. That is, 
the particle has travelled through a distance of 20 sec in the interval of space 
2 cm. Therefore i ra  particle wi th  veloci ty  v sec /cm describes a distance x see 
then the space interval f o r  this distance = x / v  era. 

Usually when we set up a frame with three coordinate axes, the coordinates 
(x, y, z) of  a point wilt denote the space lengths. But in our work the coordinates 
( x , y ,  z )  will denote lengths expressed in time. Usually we take t to denote the 
time variable. Likewise we will use s to denote the space variable. 

Now we shall proceed to obtain Lorentz transformations. Let us consider 
two inertial coordinate systems T and T'. T '  moves relatively to T at the 
constant rate v (second kind of velocity) along the x-axis. The points of origin 
of T and T '  coincide at the T-space s = 0. The x'-axis is parallel to the x-axis 
and, in fact, coincides with it. Let us assume that a wave front starts from 
the point of  origin of  T, which coincides with the point of  origin of  T'  at 
that moment. The speed of the propagation of the wave is the same in all 
directions and it is equal to c (second kind of velocity) in terms of either set 
of coordinate axes. 

Usually the progress of  the wave is described by either of the two equations 

X2 +y2 +Z 2 = C2t2 

X,2 +y,2 +Z,2 =c2t'2 

The transformation equations are taken as 

x '  = ~ ( x  - vt) ,  Y = S ,  z = z',  t '  = ~t + Xx 

Here x , y ,  z denote space lengths and t ,  t '  are the time variables. But in our 
work x , y ,  z denote time lengths and let us choose s, s' as the space variables. 
Then the progress of  the wave is described by either of  the two equations 

X2 y2 z 2 
= s  2 (3.1)  

e- 5 + c-- ~ + c-- 5 

P2 Zr2 
X'AC2 +Y-c2 + 7 f  = s '2 (3.2) 

The transformation equation will be 

S = 0 ~  - -  

x '=~+Xs 
y '  = y ,  z '  = z 

(3.3) 

(3.4) 
(3.s) 
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Applying (3.3), (3.4) and (3.5) in (3.2) we get 

(I~0¢ + ~S)2 Y 2 22 (s X)  2 

193 

Rearranging the terms we get 

x 2 - -  - - + 2  +-7 xs= 2 - 7  s= 
- -  + C 2 + C 2 7 

(3.6) 

Equation (3.6) will go over into (3.t) if and only if the coefficients o fx  2, s 2 
are the same in both equations (3.1) and (3.6) and if the coefficient ofxs 
in equation (3.6) vanishes. Therefore 

i~ 2 0~ 2 1 

e- 5 - 7~ = ~ (3.7) 

X 2 
a 2 - 7~ = t (3.8) 

/3X a 2 0 (3.9) 
c - T + v  = 

We solve these three equations for the three unknowns a,/3, X as follows. 
From (3.9), 

C~ 2 C 2 

vX 
(3.to) 

Inserting this in (3.7), we obtain 

~4C4 ~2 1 

v2X2C2 --  V2 C 2 

~4C2 ~2 1 

v2X 2 V 2 C 2 

OL4C 2 __ Ot2)k 2 -- /)2~k2 
C 2 

(3.11) 

From(3.8), 

X2 =c2(~2 _ 1) 
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Inserting this in (3.11), 

2 
~4C2 - - ~ 2 C 2 ( ~ 2  - -  1) =~2c2(~ 2 - -  1) 

~2C2 = /32~2 _ /32 

V 2 

V 2 _ C 2 

By putting this value in (3.7) we will get 

From(3.10), 

So we obtain 

and 

¢2 

/3 

1 
[j2 = C2 

1 -  7 

~2C2 C2 

v3 v 

1 

(3.12) 

(3.13) 
e 2 1 

X= 

By substituting all these values into equations (3.3), (3.4) and (3.5) we get 

s' = 1 

y '  =y ,  z '=  z 

The equations given in (3.14) and (3.15) are the Lorentz transformations for 
the second kind of velocities. 

(3.14) 
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4. Relativistic Law of  Addition of  Velocities 

Let us study the superposition of two (or more) Lorentz transformations. 
We shall introduce three frames of reference, T, T', T". T' has the velocity v 
relative to T and T" has the velocity u relative to T'. Let us find the trans- 
formation equations connecting T" and T. 

Let us start with the equations 

, 1 [ c 2 " ~  , 

S = - _ _  Z = Z  

j( 1-v j 
x" 1 ( e 2 ,~ X t t~ ! 

1 -  

(4.1) 

(4.2) 

Let us substitute the first set of equations into the second set. Straight- 
forward calculation will give 

" N/I l l  wC~22)(x - ~ )  1 

X = / /  - -  S 

,, 1 t 
y =y, z =Z 

with 

(4.3) 

Thus the Lorentz transformations, carried out one after another, are 
equivalent to one Lorentz transformation. Equation (4.4) can be interpreted 

u v  + e 2 
w - - -  (4 .4 )  

/ . , /+ v 
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in the following way. Let a body have the velocity u with respect to T '  where 
T '  has the velocity v with respect to T. Then the velocity w of  the body with 
respect to T is given by 

HV + C 2 

W =  U'{-~ 

and so this equation may be regarded as the transformation law for velocities 
(in the x-direction). 

Further, equation (4.4) can be written in the form 

1 
W = C  

(u -c)(v -c)  
1 

UV + C 2 

In this form it is obvious that w cannot become equal or less than c as long as 
u and v are greater than c. Thus we see that it is impossible to combine several 
Lorentz transformations in one involving a relative velocity less than c. 

5. Mass and Energy 

Now let us see how the first and second velocities o f  light connect the mass 
and energy of  a particle. I f  c denotes the value of  the first type o f  speed of  
light, then 1/c will denote the value of  the second type of  velocity of  light. 
Let us take the product mc where m is the mass (relativistic or rest) of  a 
particle. 

Then m c  = (mc2)(1/c). Thus we see that the product o f  m with c is equal 
to the product o f m c  2 with 1/c. But we know that mc z represents the energy 
E of  the particle. Thus the equivalence of  mass and energy may also be 
established in the form 

(mass)(value o f  the first type o f  speed of  light) 

= energy (value of  the second type of  speed of  light) 
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